Deformatations of Kolyvagin systems

KAZIM BUYUKBODUK

ABSTRACT. Mazur and Rubin prove the existence of Kolyvagin systems for a general class of
mod p Galois representations p. Furthermore, they also prove (under certain hypotheses) that
these Kolyvagin systems may be deformed to Kolyvagin systems for a deformation of p to a
discrete valuation ring. The goal of this article is to achieve this for larger coefficient rings.
More specifically, we carry this out for two types of deformations of Galois representations:
the universal deformation when the deformation problem is unobstructed, and deformations to
a two-dimensional Gorenstein ring. This generalizes the works of Howard on Heegner points
and Ochiai on Kato’s Euler system. We give explicit arithmetic applications of our result on
the existence of ‘big’ Kolyvagin systems, such as the interpolation of Kato’s Euler system in
families (not necessarily p-ordinary) of modular Galois representations.
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1. INTRODUCTION

Since it was introduced by Kolyvagin [Kol90], the Euler system machinery has been used by
many to obtain important results in arithmetic. Kolyvagin used the Heegner point Euler system
in [Kol91a, Kol91b] to bound the order and determine the structure of the Tate-Shafarevich
groups of elliptic curves, making an important progress towards the Birch and Swinnerton-
Dyer conjecture. Rubin generalized Kolyvagin’s machinery to apply it in the realm of Iwasawa
theory. He used in [Rub91] the elliptic unit Euler system to prove the main conjectures of Iwa-
sawa theory for CM elliptic curves, and in [Lan90] to give an elementary proof of the classical
main conjectures (originally proved by Mazur and Wiles [MW84]) using the cyclotomic unit
Euler system. Later Kato [Kat04] constructed an Euler system for elliptic modular forms using
the Beilinson elements in the K5 of modular curves, and deduced one of the divisibilities of
the main conjectures of Iwasawa theory in this setting.

Iwasawa theory of Z,-extensions may be seen as a particular instance of Mazur’s general
theory of Galois deformations. Greenberg [Gre94] takes this perspective to generalize Iwa-
sawa’s theory to a more general study of deformations of motives. Before we relate the content
of this article to Greenberg’s theory, we provide a quick overview of Mazur’s theory of Galois
deformations; see [Maz89, dSL97, GouO1] for details.

Fix forever an odd prime p. Let ® be a finite extension of @, and O be the ring of integers of
®. Let w € O be a uniformizer, and let k = O/w be its residue field. Consider the following
category C:

e An object of C is a commutative, complete, local, Noetherian O-algebra A whose
residue field k4 = A/my is isomorphic to k, where m4 denotes the maximal ideal of
A.

e A morphism f : A — Bin Cis a local O-algebra morphism.

Let X be a finite set of places of Q that contains p and oo. Let Gy denote the Galois
group of the maximal extension Qy, of Q unramified outside ¥. Fix an absolutely irreducible,
continuous Galois representation

,5 : GQ,Z — GLn(k),

and let T be the representation space (so that T is an n-dimensional k-vector space on which
Go,x acts continuously).

Let F; : C — Sets be the functor defined as follows. For every object A of C, F,(A) is
the set of continuous homomorphisms

PA . GQE — GLn(A)

that satisfy ps ®4 k = p, taken modulo conjugation by the elements of GL,(A). For every
morhism f : A — Bin C, F;(f)(pa) is the GL,,(B)-conjugacy class of p4 ®4 B.

Theorem (Mazur). The functor Fj is representable.

In other words, there is a ring R(p) € Ob(C) and a continuous representation
p: Gy — GL.(R(p))

such that for every A € Ob(C) and any continuous representation p4 : Ggx — GL,(A), there
is a unique morphism f4 : R(p) — A such that

P Qr(p) A= pa.

The ring R(p) is called the universal deformation ring and p the universal deformation of p.
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Let Ad(p) be the adjoint representation. Consider the following hypothesis:
(H.nOb) H?(Ggx,Ad(p)) = 0.

We say that the deformation problem for p is unobstructed if (H.nOb) holds true. In this
case Mazur shows that
R(ﬁ) = O[[Xla e aXd]]
where d = dim, (H'(Gg s, Ad(p)).

Example 1.1. Suppose £//Q is an elliptic curve. Let X be the set of primes that consists of
primes at which F has bad reduction, p and co. Let T = Elp], the p-torsion of E and

PE : GQ,Z — GLQ(FP)

the associated Galois representation. Flach [Fla92] shows that the deformation problem for p
is unobstructed and R(p) = Z,[[ X1, X2, X3]] if the following holds:

® pp Is surjective,

e H'(Q,, T ®T)=0foralll €%,

e p does not divide Q' L(Sym?(E), 2), where 2 = Q(Sym?(E), 2) is the transcendental
period.

Example 1.2. Let f be an elliptic newform of level /V, weight £ > 2 and character ¢. Let K
be the number field generated by the Fourier coefficients of f and O be its ring of integers.
For a prime p of K above p, let k = Ok /p and O = W (k), the Witt vectors of k. Let

P=Pfp " G@@ — GLQ(k)

be the Galois representation attached to f by Deligne. Then Weston [Wes04] shows for almost
all choices of a prime p of K, the deformation problem for p is unobstructed and R(p) =
O[[Xh X27 X3]]

One may also study a subclass of deformations of a given p, rather than the full deformation
space R(p). The following paragraph illustrates a particular case which has been much studied
by many authors. Suppose

p . GQ’Z — GLQ(k)

is p-ordinary and a p-distinguished, in the sense that the restriction of p to a decomposition
group at p is reducible and non-scalar. Assume further that p is odd, i.e., det(p)(c) = —1
where c is any complex conjugation. Then Serre’s conjecture [Ser87] (as proved in [KWO09,
Kis09a]) implies that p arises from an ordinary newform f as in Example 1.2. Hida associates
in [Hid86b, Hid86a] such f a family of ordinary modular forms and a Galois representation
T attached to the family, with coefficients in the universal ordinary Hecke algebra $). Thanks
to the “R = T theorems proved in [Wil95, TW95] (and their refinements) it follows that
$ is the universal ordinary deformation ring of p parametrizing all ordinary deformations of
p. Ochiai [Och05] (resp., Howard [How(7]) has studied the Iwasawa theory of this family of
Galois representations by interpolating Kato’s Euler system (resp., Heegner points) for each
member of the family to a ‘big” Euler system for the whole family.

The main goal of the current article is to generalize the work of Ochiai [Och05] and Howard
[HowO07] to more general Galois representations and more general class of deformation rings.

The general Euler system machinery takes an Euler system (which is a collection of coho-
mology classes that satisfies certain norm-compatibility conditions) as an input and produces
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what Kolyvagin calls the derivative classes. In [MR04], Mazur and Rubin slightly modify the
derivative classes so as to obtain what they call Kolyvagin systems. Using Kolyvagin systems
one obtains the bounds on Selmer groups that we seek for. As powerful the Euler system ma-
chinery is, as difficult it is to construct an Euler system for a general Galois representation,
although some folklore conjectures (such as the Bloch-Kato conjectures, c.f., [BK90, FPR94])
hint at the existence of Euler systems in great generality. On the other hand, Mazur and Ru-
bin prove in [MRO04, Theorem 5.1.1] that Kolyvagin systems do exist for a very general class
of mod p Galois representations. Furthermore, they prove a similar result for deformations of
these Galois representations to discrete valuation rings. Later in [Biiy11b], the author extended
their result by proving that these Kolyvagin systems in fact may be deformed to the cyclotomic
Iwasawa algebra A = Z,[[I']|, where I is the Galois group of the cyclotomic Z,-extension
Qw/Q.

In this paper we will study the deformation problem for Kolyvagin systems to one of the
following choices of rings:

(i) | = R][']], where R is a dimension-2 Gorenstein (O-algebra with a regular sequence
{w, X'} such that R/ X is a finitely generated torsion-free O-module.

(ii)) R = O][X1, X3, X3]] (which we will think of as an unobstructed universal deformation
ring of a two dimensional mod o Galois representation p in examples.)

See Theorem A below for our main result in this direction.
Before we describe our results we fix some notation. Let m (resp., M) be the maximal
ideal of R (resp., of R) and k = R/m (resp., k = R/M) be the residue field. When the
coefficient ring we are interested in is the ring %R as in (i) above, we let 7 be a free R-module
of finite rank which is endowed with a continuous Gg-action, unramified outside a finite set
of primes. Set ¥ = T ®z, A, where we allow G act on both factors. When the coefficient
ring we are interested in is 12 as in (ii), we let T be a free R-module of finite rank endowed
with a continuous Gg-action unramified outside a finite number of primes. In either case, we
let T = T/m (resp., T = T/M) and define x(T) = dim, T~ (resp., x(T)), where T~ is the
(—1)-eigensubspace of T under the action of a fixed complex conjugation.
The following hypotheses will play a role in what follows:
(H1) T is an absolutely irreducible Gg-module.
(H2) There is a 7 € Gg such that 7 acts trivially on gy~ and the R-module T/(7 — 1)T
(resp., the R-module T/(7 — 1)%) is free of rank one.
(H3) H°(Q,T) = H°(Q,T*) = 0, where T* = Hom(T', ,,).
(H4) Either
(l) HomFP[[GQ]](T; T*) = 0, or
(i) p > 4.

(H.Tam) For all bad primes /¢,
(i) H°(Q,T) = 0.
(i) HO(I,, A) is p-divisible.

(H.nA) H°(Q,, T*) = 0.

Remark 1.3. The hypotheses (H1)-(H4) are also present in [MR04]. (H.Tam) is used to
check that the unramified local conditions are cartesian (in a sense made precise below), most

importantly in the proof that the map [ that appears in Lemma 4.6 is injective. Although
one may possibly verify this fact under less restrictive hypothesis, the assumption (H.Tam) is
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simple to state, easy to check and thus allows one to produce many interesting examples where
Theorem A applies; c.f., Proposition 5.1 below.

Remark 1.4. When 7 is the self-dual Galois representation attached to a (twisted) Hida fam-
ily with coefficients in the universal ordinary Hecke algebra R (as studied in [HowO07]), the
hypothesis (H.Tam)(ii) asks that there is a single member f of the twisted Hida family such
that the Tamagawa number (as defined by [Fontaine-PR]) ¢,(f) is prime to p. As explained
in [Biiyl1a, §3], this in turn implies that the Tamagawa number c¢,;(g) is prime to p for every
member ¢ of the twisted family.

See §5.1 for a discussion of the content of the hypotheses (H.Tam) and (H.nA) when T is
the mod p Galois representation attached to an elliptic curve £/Q.

For T (resp., ¥) as above, let KS(T, Fean, P) (resp., KS(T, Fean, P)) be the R-module
(resp., the YA-module) of big Kolyvagin systems for T (resp., for ¥) and the canonical Selmer
structure; see §2 and §3.2 for precise definitions of these objects.

Theorem A (See Theorem 3.12 below). Suppose x (%) = x(T) = 1. Under the hypotheses
(H1-H4), (H.Tam) and (H.nA),

() the R-module KS(T, Fean, P) is free of rank one, generated by a Kolyvagin system K
whose image k € KS(T', Fean, P) is non-zero,

(ii) the R-module KS(T, Feun, P) is free of rank one. When the ring R is regular, the
module KS(T, Feun, P) is generated by k whose image & € KS(T', Fean, P) is non-
zero.

In Theorem A, T (resp., ¥) should be thought of as a family of Galois representations and
the conclusion of Theorem A as an assertion that the Kolyvagin systems for each individual
member of the family T (resp., ¥) interpolate to give rise to a ‘big” Kolyvagin system.

We remark that the arguments used in the proof of Theorem A generalize without any effort
to handle a general regular ring (not necessarily of relative dimension 3 over O, as R above
is). However, any significant arithmetic application of our general theorem is restricted to the
case when the big Kolyvagin system for T (resp., for ¥) that is proved to exist in Theorem
A interpolates Kolyvagin systems which are explicitly related to L-values. At the moment
this is only possible when the residual representation 7" is two dimensional and x(T) = 1,
in which case the unobstructed universal deformation ring is R. Note that when T is two
dimensional and x(7') = 1, we know that T" is modular and the recent advances in modularity
lifting theorems and progress towards the Fontaine-Mazur conjecture (due to Emerton [Emel1]
and Kisin [Kis09b]) show that the big Kolyvagin system for the universal deformation T of
T indeed interpolates Kato’s Kolyvagin systems for elliptic modular forms whose associated
Galois representations are congruent to 7.

To be more precise on the last point we made, let £/, be an elliptic curve, T = E[p] be the
p-torsion subgroup of F(Q) and p = px the mod p Galois representation on 7. Define also
R = R(p) to be the universal deformation ring of p. Suppose that £ satisfies (H.nOb) so that
R = Z,[[T1,T3,T5]]. The universal deformation representation T is a free R-module of rank
two. Until the end of this introduction, T will stand for this particular Galois representation;
see the main body of the text for the most general form of the results we record in this section.
Suppose also that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and (H.nA); see
§5.1 for the content of these assumptions in this particular setting.
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Let f =) a,q" be a newform of weight w > 2 and let Oy be the finite flat normal extenion
of Z, which the a,,’s generate. Let

Pr GQ — GLQ(Of)

be the Galois representation attached to £ by Deligne and 7' be the free O;-module of rank
two on which G acts via py. Suppose that py = p, so that by the universality of R there is a
ring homomorphism ¢, : R — O which induces an isomorphism T ®,,, Oy = T’y and a map

KS(T, Fean, P) —5 KS(T}, Fean; P).

For each f as above, Kato in [Kat04] constructed a Kolyvagin system kKao.(f) ¢ K_S(T ', Fean, P)
using Beilinson’s elements. As a consequence of Thearem A above, we prove that a genera-
tor & of the R-module KS(T, Fe.,, P) interpolates kX4() as f varies, generalizing the results
of [Och05, How07] where similar results were obtained for the universal ordinary deformation.

Theorem B (Theorem 5.2).

() &Ko) = \; - s (k) for some N € Oy.
(i1) Assume further that p |G@p is reducible and non-scalar. Then the leading term k. of K is
non-zero.

The following result is the standard application of the Kolyvagin system machinery, proved
essentially in [Och05]. Let F_ be the dual Selmer structure on T*, see Definition 2.4 for a

can
definition of the dual Selmer structure. For any abelian group N, let NV denote the Pontryagin

dual. If M is a finitely generated torsion R-module, set

ChﬂI’(M) _ H plength(Mp)
p

where the product is over height one primes of R.

Theorem C. The cofinitely generated R-module H 1 (Q, T*) is cotorsion and

char (H}:an(@, ']r*)v) | char (H:_(Q,T)/R - #1),

where k1 is the leading term of a generator k of the R-module KS(T, Foa,, P) of big Kolyvagin
systems.

This statement is closely related to Greenberg’s main conjectures [Gre94] for deformations
of motives. To explain, we give the following definition and propose the conjecture that follows
in order to define the “correct Selmer structure” Fgx on T as above:

Definition 1.5. Let © be a finite, flat, normal extension of Z,,. A pseudo-geometric specializa-
tion is a ring homomorphism ¢ : R — O such that the Gg,-representation is T ®,, Frac(O) is
de Rham.

Conjecture D. There is an R-submodule (the Bloch-Kato submodule)
H}'—BK (@P? T) C Hl (QP7 T)

with the following properties:
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(i) (Interpolation) Let ¢ : R — O be a pseudo-geometric specialization into a finite, flat,
normal extension O of Z, and T =T ®, 9O, V =T ® Q,. The Bloch-Kato submodule
Hy (Qp,T) maps into the Bloch-Kato subgroup

H]l-‘BK(Qp7 T) := ker (Hl (Qp, T) — H (QpVe® Bcris))

with finite cokernel,
(i1) (Panciskin condition) H}BK (Qp, T) is a free R-module of rank 1.

e 1—
(it)) Hk, (Q,T) = ker (H}fm@, T) — HZ;%%)) =0.

See [Potl1] for progress related to this conjecture.
Setloc, : H'(Q,T) — H}(Q,,T) := H'(Q,.T)/H, (Q,, T). Using the property (iii) in
Conjecture D, we conclude that:

Corollary E (Corollary 5.15). char (H}};K (Q, ']I‘*)V) | char (H!(Q,, T)/R - loc} (1)) -

We call the ideal £(k) := char (H!(Q,, T)/R - loc} (k1)) the Kolyvagin-constructed p-adic
L-function. This should be thought of as a generalization of Perrin-Riou’s [PR95] module of
algebraic p-adic L-function, whose definition she gives for the cyclotomic deformation of a
motive. This choice of terminology is justified thanks to the following interpolation property:

Theorem F (Proposition 5.17, Theorem 5.18). Suppose that the R-module H!(Q,, T) is torsion-
free. Suppose also that the elliptic curve I has good ordinary reduction at p.

(i) L(k) #0.
(ii) Assume further that the R-module H!(Q,,T) is free. Then for every elliptic modular
form f as in Theorem B,

H;(Qy, Ty)
Oy - loc; (/ﬁlfam’(f)>

(L.D) [Of - (L)) = A" - #

H ; (@ZN Tf )

Oy - loc;, (/-clfam’(f)>
Theorem F to the value of the L-function attached to f at the central critical point. The state-
ment of Theorem 5.18 therefore suggests that these values should interpolate, as the classes
)\;lmlfam’(f ) do interpolate to . This hints at the existence of a very general p-adic L-function.
Furthermore, we note that the points ¢, : T — O are Zariski dense in Spec(T) under mild hy-
potheses, thanks to the recent results of Emerton and Kisin eluded to above. Thus the assertion
(1.1) should characterize the ideal £(k) of the Kolyvagin constructed p-adic L-function.

The paper is organized as follows. After setting our notation, we define in §2 what a Selmer
structure is. In §3, we state our main technical result (Theorem 3.12) and prove it modulo the
existence of core vertices. The existence of core vertices then is proved in §4. Finally in §5,
we discuss several applications of our result. Bounds on Selmer groups in terms of the big
Kolyvagin system we prove to exist is obtained in §5.3 and §5.4. More concrete applications
towards the interpolation of Kato’s Kolyvagin systems for elliptic modular forms is discussed
in §5.1,85.2 and §5.4.2.

Kato has related the values #

which appear in the statement of
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1.1. Notations. For any field K, fix a separable closure K of K and set G = Gal(K/K).
Let F' be a number field and A\ be a non-archimedean place of F'. Fix a decomposition subgroup
G < Gpandlet Iy < G, denote the inertia subgroup. Often we will identify G by G'r, . For
a finite set X of places of K, define K5, to be the maximal extension of K unramified outside
3.

Let p be an odd prime and let Q. /Q be the cyclotomic Z,-extension. Let y,» denote the p"-
th roots of unity and set gy = lim pyn. Set I' = Gal(Q.,/Q) and fix a topological generator
vof I'. Let A = Z,[[I']] be the cyclotomic Iwasawa algebra.

For a ring S, an S-module M and an ideal I of S, let M[I] denote the submodule of M
consisting of elements that are killed by /.

For the ring R = O][ X1, Xo, X;]], we set Ry, = R/(X}, X5, XY) and R,y =
R/(w", X}, X3, X3). We define the quotient modules T, := T ®p Ry and Ty p 0 =
T ®R Rr,u,v,ur

Similarly for the ring R = R[[I']] as above, define the rings R, , = R/(X*, (y — 1)") and
Ry up = R/(@", X", (v — 1)”). Define also the quotient modules T, , := T @n R, and
‘Zr,u,v =% Rm 9%7“,u,v'

Finally, we define the p-divisible goups A, ,  := Ty p @ /O and A, , :== T, , @ ©/O.

Let Ry = R/(w, X) be the dimension-zero Gorenstein artinian ring, where R is as above.
As explained in [Til97, Proposition 1.4],

(1.2) Ro[mz] is a one-dimensional k = R /mg-vector space

where mp denotes the maximal ideal of R. Define also Ry = R/X. Using the fact {cv, X } isa
regular sequence in R, we see that R; is a dimension-1 Gorenstein domain. Set o = Frac(R,).
As R, is finitely generated and free as an @-module, it follows that  is a finite extension of
®. Let O be the integral closure of R, in ®. Then © is a discrete valuation ring and O /R4
has finite cardinality. Let my be the maximal ideal of O and 7y be a uniformizer of O. Define
To := T11 ®r, O (deformation of T to D) and A = Tp ® Q,/Z,. As O /R, is of finite order,
it follows that A = 2, ;.

2. LOCAL CONDITIONS AND SELMER GROUPS

We recall a definition from [MRO04, §2]. Let M be any O|[[G]]-module.

Definition 2.1. A Selmer structure F on M is a collection of the following data:

e A finite set X(F) of places of Q, including oo, p, and all primes where M is ramified.
e Forevery ¢ € ¥(F), alocal condition on M (which we now view as a O[[G/]]-module),
i.e., a choice of an O-submodule H%(Q,, M) C H'(Qq, M).

Definition 2.2. For a Selmer structure F on M, define the Selmer group H%(Q, M) to be

Hl<@g7M)

Hp(Q,M) =ker | H'(Qsr/Q.M) — ][] HL(Qe, M)

LeX(F)

Definition 2.3. A Selmer triple is a triple (M, F,P) where F is a Selmer structure on M and
P is a set of rational primes, disjoint from X(F).
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Definition 2.4. Let F be a Selmer structure on M. For each prime ¢ € X(F), define
H: (Qp, M*) := HX(Qq, M)+ as the orthogonal complement of HL(Qy, M) under the lo-
cal Tate pairing. The Selmer structure /* on M* defined in this manner is called the dual
Selmer structure.

Define the Selmer structure F,, (the canonical Selmer structure) on T, , ,, as follows:

® > (Fean) = {¢: T is ramified at £} U {p, oo }.

HYQ, Top) , ifL=p
1 o 52 u,v,w 9 Y
¢ chan(Qe’T“W’w) T { H}(Q&Tu,v,w) , ifle ZJ(Jl—_-can) - {pv OO}

Here

H}(@Ev Tu,v,w) = ker {Hl(Qfa Tu,v,w) — Hl([b Tu,v,w ®(’) (I))} .

We denote the Selmer structure on the quotients T, , , ., obtained by propagating F.,, on
Toyww to Ty v also by Fean. See [MRO4, Example 1.1.2] for a definition of the propagation
of local conditions.

Similarly, define the Selmer structure F,, on ‘%, , by setting

o X(Fem) = {¢: Tisramified at £} U {p, co}.
HY(Q,,Tuy) , ifl=0p
1 R pr ~u,v ’ )
¢ H]:can((@z7§’u,v> T { H}(Qb‘zu,v) , if ¢ € E(]:can) _ {p7 OO} )
where
H}(Qbsu,v) = ker {H1<Q€7su,v) — Hl(fe, ‘Zu,v ®o (I))} .

Similarly, the Selmer structure on the quotients T, , ,, obtained by propagating F,, on €, ,, to
T ,u0 18 also denoted by F,,. We also define a Selmer structure F,, on T/m by

e setting Hx (Q,,%/m) = H'(Q,,T/m) and
e propagating the local conditions at ¢ # p given by Fe,, on % ; to T/m.

Note in particular that the Selmer structure F,, on ¥/m will not always be the propagation of
the canonical Selmer structure % ;.
2.1. Local conditions at / # p. In this section we compare various alterations of the local
conditions at ¢ # p. Define

Hg(Q¢, M) :=ker (H"(Q¢, M) — H'(I,, M))
for any M on which G/ acts. Using the exact sequence

00— Tuvw — TuvwR®0 P — Ayyw — 0

define also
H}‘(Qﬁa Au,v,w) = im (H&I(QK7 Tu,v,w Ko (I)) — Au,v,w) .
Define finally

Hl
H}(Qé; Tr,u,v,w) = ker (Hl (Qé, Tr,u,v,w) N (@57 Au,v,qy)) ’

H} (Qfa Au,v,w)

where the map is induced from the injection T, , , ., — Ay 4. Lemma 1.3.8(i) of [Rub00]
shows that

(2 1) H}-}.an (QE; Tr,u,v,w) — H} (Qf? Tr,u,v,w) .
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Similarly one defines H(Qy,2,,) and H(Qy, %, ), and verifies using [Rub00, Lemma
1.3.8(1)] that

(22) H;-'mn (QE? gr,u,v) = H} (Qf; ‘Zr,u,v)-
2.2. Local conditions at p.

Proposition 2.5. Assuming (H.nA),

(1) chun (@pa Tr,u,v,w) = Hl (Qp7 Tr,u,v,w),
(11) chan (@pa T1”,u,v) = H' (Qpa T7",u,v)-

Proof. We need to check that
coker (H'(Qp, Tuv0) — H'(Qp, Ty uvw)) = 0.
Note that
coker (H'(Qp, Tuow) — H'(Qp, Trupw)) = H*(Qp, o) (@],

so it suffices to check that H?(Q,, Ty.p.0) = 0.

Now by local duality, (H.nA) implies that H?(Q,, T) = 0. Using the fact that the cohomo-
logical dimension of G, is two, it follows that

H2(QP’T)/M ’ H2(Qp’ T) =0,

where M = (w, X1, X5, X3) is the maximal ideal of the ring R. By Nakayama’s Lemma, we
therefore see that H%(Q,, T) = 0. Using again the fact that the cohomological dimension of
G is two, we conclude that

0= HA(QpT)  H*(@py Tuss)

and the proof of (i) follows.
The proof of (ii) is similar but more delicate as the ring R is not necessarily regular. As
above, we first check that

(2.3) H*(Q,,%) = 0.
Considering the G,-cohomology induced from the exact sequence
0—TT T -—0

and using Nakayama’s lemma, (2.3) is reduced to verifying that H*(Q,,7) = 0. Similarly,
using the exact sequences

0—T 5T —T/X—0

0—T/X -ST/X — %11 —0
in turn, we reduce to checking that
(2.4) H*(Q),T111) =0

The assertion (2.4) is proved below. We first show that (ii) follows from (2.4).
As above,

coker (H'(Qp, Tuw) — H'(Qp, Truw)) = H(Qp, Tuw)[@']-
By (2.4) and the fact that the cohomological dimension of (), is two, it follows that
0=H*Q,,T) » H*(Q,,Tu.).
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This proves that H*(Q,, T, ,) = 0 and it follows that
H_%—'Cﬂn (Qp7 ‘Zr,u,v) =im (Hl (Qpa su,v — Hl (Qp> (Ir,u,v)) = Hl (Qpa Tr,u,v))

as desired. ]

Claim. Assuming (H.nA), we have H*(Q,,%11.1) = 0.

Proof. The property (1.2) shows that Ty ;,[m] = T, hence that T;,,/m = T*. Since we
assumed H.nA, it thus follows that

H°(Q,, Taa/m) = 0.

The module %7, ; is free of of finite rank over the Gorenstein artinian ring Ry, hence by
[MRO4, Lemma 2.1.4] we conclude that H°(Q,, %71,) = 0 as well. Claim now follows by
local duality. O

2.3. Kolyvagin primes and transverse conditions. Let 7 € Gg be as in the statement of the
hypothesis (H.2).

Definition 2.6. For n = (r,u,v,w) € (Zs()*, define
() Hy = ker (Gg — Aut(T, . p0) B Aut(fyr)),
(ii) Ly = Q™,
(iii) Ps = {primes ¢ : Fr, is conjugate to 7 in Gal(Lz/Q)}.

The collection P is called the collection of Kolyvagin primes for T, ;... Set P = P 111
and define Nj to be the set of square free products of primes in P;.

We similarly define for § = (r, u, v) the sollection of Kolyvagin primes P; for ¥, ,, , and the
set N of square free products of primes in P;.

Definition 2.7. The partial order < on the collection of quadruples (7, u, v, w) € (Zso)* is
defined by setting
n=(r,u,v,w) < (v, v, w)=n
ifr <7 u<u,v<v andw <w'.
We denote the partial order defined on triples of positive integers in an identical manner also
by <.

To ease notation, set T := T, and Rs := R, 4, for n = (7, u, v, w). Define similarly
Eﬁ = Er,u,v and fﬁﬁ = %T,u,’u-

Remark 2.8. Suppose ¢ is a Kolyvagin prime in P5 (resp., in Ps), where n (resp., §) are as
above. Then as 7 acts trivially on p,- and Fr, is conjugate to 7 in Gal(Lz/Q), it follows that
Fr acts trivially on p,- and hence that =1 mod p”. In particular

‘F;‘ : Tr,u,v,w - (g - 1)T7°,u,v,w =0
(resp., |F/| - Fpup = 0).

Throughout this section, fix a Kolyvagin prime ¢ € Pj; (or in Ps, whenever we talk about
quotients of T).

Definition 2.9. Let 7" be one of T, ; 1, Tyup OF T/m.
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(i) The submodule of H'(Qy, T') given by
H&(Q@a T) = ker (Hl (Qﬁa T) — Hl(Qf(ul)u T))

is called the transverse submodule.
(i) The singular quotient H}(Qy, T) is defined by the exactness of the sequence

(2.5) 0 — H{(Qp,T) — H'(Q), T) — H(Qp,T) — 0

Definition 2.10. Let 7" be one of T, ,, ., Trun or T/m and suppose n € N (or n € N if we
are talking about quotients of ¥). The modified Selmer structure F ,n(n) on T is defined with
the following data:

o X(Fean(n)) = X(Fean) U {primes £ : £ | n}.
o If (tnthen Hy \(QnT)=H (Q,T).
e If / | n then H}m(n)(@é, T) = Hy(Qq, 7).

Remark 2.11. Proposition 1.3.2 of [MR04] shows that F,,(n)* = F2 . (n).

Lemma 2.12. Let T' be one of the rings T, v, Truw or T/m. Then the transverse subgroup
HY(Q,, T) C HY(Qu, T) projects isomorphically onto H!(Qy, T). In other words (2.5) above
has a functorial splitting.

Proof. This is [MR04, Lemma 1.2.4] which is proved for a general artinian coefficient ring.
O

Proposition 2.13. Let n = (r,u,v,w) and § = (r,u,v) be as above.

(1) There are canonical functorial isomorphisms
H}(QbTﬁ) = Tﬁ/(FU — 1)Ts,

HY(Qp, Ts) = (T)™ ™"
(i1) There is a canonical isomorphism (called the finite-singular comparison isomorphism)
7 Hp(Qq, Tr) — HYQp, Tr) @ F)
(iii) The Ry modules H(Qg, Tg), Hi(Qe, Tg) and Hy(Qy, Tx) are free of rank one.
The analogous statements hold true when Ty is replaced by %5 or T /m (and the ring Rs by Rs
or k = R/m).

Proof. (1) is [MR04, Lemma 1.2.1]. The finite-singular comparison isomorphism is defined
in [MRO4, Definition 1.2.2] and (ii) is [MR04, Lemma 1.2.3]. (iii) follows from (i), (ii) and
Lemma 2.12.

Note that all the results quoted from [MRO04] apply in our setting thanks to Remark 2.8. [J

3. CORE VERTICES AND DEFORMING KOLYVAGIN SYSTEMS

Letn = (r,u,

v w) (Zso)* and 5 = (r,u,v) € (Zso)®. Assume throughout this section
that x(T) = x(%) =
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3.1. Core vertices. Suppose 7" is one of T, 4, Truw of T/m and S is the corresponding
quotient ring R, ,,  w» Rya0 OF K.

Definition 3.1. The integer n € Nj (resp., n € Nf) is called a core vertex for the Selmer
structure F,, on 7' if

(i) HL . (Q,T7) =0,
(i) H}Tm(n) (Q,T) is a free S-module of rank one.

Suppose that the hypotheses (H1)-(H4), (H.Tam), and (H.nA) hold true. The following
theorem is fundamental in proving the existence of Kolyvagin systems.

Theorem 3.2. Letn € ./\[ﬁ (resp., n € Nz) be a core vertex for the Selmer structure Fe,, on the
residual representation T'. Then n is a core vertex for the Selmer structure F ., on T as well.

Theorem 3.2 is proved in §4.2. We first show how Theorem 3.2 is used to prove the existence
of Kolyvagin systems for the big Galois representations T (resp., for ¥).

3.2. Kolyvagin systems for the big Galois representation.

3.2.1. Kolyvagin systems over Artinian rings. Throughout this section fix n = (r, u, v, w) and
i€ (Zso)* (resp., 5 = (r,u,v) and j € (Zs)?) such that i < i (resp., 5 < j).

Throughout this subsection, let 7" be one of T5, T5 or T/m, and let S be the corresponding
quotient ring R, R; or k. Let P denote the collection of Kolyvagin primes 7; (resp., ;) and
N denote the set of square free products of primes in P.

Much of the definitions and arguments in this section follow [MR04] and [Biiy11b].

Definition 3.3.

(1) If X is a graph and Modp, is the category of R-modules, a simplicial sheaf S on X
with values in Modp, is a rule assigning
e an R-module S(v) for every vertex v of X,
e an R-module S(e) for every edge e of X,
e an R-module homomorphism ¢¢ : S(v) — S(e) whenever the vertex v is an
endpoint of the edge e.
(ii) A global section of S is a collection {k, € S(v) : v is a vertex of X} such that, for
every edge e = {v,v'} of X, we have ¢¢(k,) = Y% (k) in S(e). We write ['(S) for
the R-module of global sections of S.

Definition 3.4. For the Selmer triple (T, F.an, P), we define a graph X = X' (P) by taking the
set of vertices of X’ to be AV, and the edges to be {n, n¢} whenever n, n¢ € N (with ¢ prime).

(i) The Selmer sheaf H is the simplicial sheaf on X given as follows. Set G, 1= ®yj,, F).
We take
e H(n) := HJI_-CM(TL)(@, T)® G, forn e N,
e if e is the edge {n,nl} then H(e) := H(Q;, T) @ Gpy.
We define the vertex-to-edge maps to be
o Vst Hr Q. T) ® G — Hy(Qp, T) ® Gy is localization followed by the
projection to the singular cohomology H!(Q,, T).
o Y5 Hy n(QT)®G, — H;(Q,T) ® Gy is the composition of localization

at ¢ with the finite-singular comparison map ¢,".
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(ii) A Kolyvagin system for the triple (T', F.ay, P) is simply a global section of the Selmer
sheaf H.

We write KS(7', Feun, P) := I'(H) for the S-module of Kolyvagin systems for the Selmer
structure F,, on T. More explicitly, an element & € KS(T', F.a, P) is a collection {x,} of
cohomology classes indexed by n € A such that for every n,nf € N we have:

® Kp S H-;:can(n) (@, T) 0%y Gn’
e ¢;° (locy(kn)) = loc; (Kne).

Here, loc; stands for the composite

HY(Q,T) =4 HY(Q,, T) — HY(Qy, T).
The goal of this section is to prove the following theorem, assuming (H1)-(H4), (H.Tam) and
(H.nA).

Theorem 3.5. The S-module KS(T, Feun, P) is free of rank one.

Theorem 3.5 is proved in two steps. As the first step, we prove:

Theorem 3.6. Suppose n € N is any core vertex for the Selmer structure Fe,, on T. Then the
natural map

KS(Ta fcana 7)) — H_}-'Cﬂn(n) (Qa T) @ Gn

(given by K — k,,) is surjective.

The arguments of [Biiy11b, Theorem 3.11] (which in turn modifies the arguments of Howard
in [MRO4] appropriately so as to apply them with general artinian rings) may be used to prove
Theorem 3.6. The main point is that we have Theorem 3.2 here in place of [Biiyl1b, Theorem
2.27].

Define a subgraph X° = X°(P) of X whose vertices are the core vertices of X’ and whose
edges are defined as follows: We join n and n/ by an edge in X if and only if the localization
map

H}_—can(n) <@7 T) —> H}(Qé? T)

is non-zero. We define the sheaf H° on X as the restriction of the Selmer sheaf H to X°.

Lemma 3.7. The graph X° is connected.

Proof. The edges of X'° are defined in terms of 7' (and not T itself) so [MR04, Theorem 4.3.12]
applies. U

The following Theorem, combined with Theorem 3.6 completes the proof of Theorem 3.5.

Theorem 3.8. Suppose n € N is any core vertex for the Selmer structure Fe,, on T. Then the
natural map

KS(T, Fon, P) — Hy,(n(Q,T) @ Gy,
is is injective.
Theorem 3.5 is proved using the arguments that goes into the proof of [Biiyl1b, Theorem
3.12]. The essential input is the fact that the graph X is connected (Lemma 3.7).
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3.2.2. Kolyvagin systems over ‘big’ rings. The goal of this section is to prove (Theorem 3.12
below) using the results of the previous section that the R-module

KS(T, Fean, P) = lim (hg KS(Ts, Fean, 7%))

(resp., the SR-module

KS((E’ JT_-can, P) = l&n (hgl KS(gg, -Fcana 73]—)))
s\

is free of rank one.
Lemma 3.9. Fix a quadruple @ as above. For any i > 1, the natural restriction map
KS(T5, Fean, Pi) — KS(Ts, Fean, P5)
is an isomorphism.
Proof. Theorems 3.6 and 3.8 applied with a core vertex n € M, we have isomorphisms
KS(Tx, Fean, Pa) — Hrx, () (Q, Ts) <— KS(Ts, Fean, P%)
compatible with the restriction map
KS(T5, Fean, Pi) — KS(Ts, Fean, Ps)-
Note that n € N as above exists by [MR04, Corollary 4.1.9] and Theorem 3.2 above. 0
Lemma 3.10. Let ' < 1 and let n € N be a core vertex. The map
Hy ) (Q Ts) — Hz, () (Q, Tw)

is surjective.

Proof. We verify the assertion of the Lemma for #' = (r, u,v,w) and n = (r + 1, u, v, w). The
proof of the general case follows by applying this argument (or where necessary, its slightly
modified form) repeatedly.

We have the following commutative diagram, where the vertical isomorphism is obtained
from (a slight variation of) Proposition 4.17(iv) below:

ducti
H}:Caﬂ(n) (Q7 TT’—‘,—l,uﬂ),u)) e H;:can(n) (Q? TT‘,U,U,U})

T s

H o) Q, Tt ) (@]

Since n € N is a core vertex (and therefore [ }Can (n) (Q, Ty) is a free Rz-module of rank one),
the map on the diagonal is surjective. This proves that the horizontal map is surjective as
well. 0J

Lemma 3.11. The map
KS(Tﬁ7 -Fcana Pﬁ) — KS(TE’7 fcana Pﬁ)

is surjective for n’ < n.
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Proof. By Theorem 3.6, Theorem 3.8 and Lemma 3.9 applied with a core vertex n € Nj to
both Ty and T/, we obtain the following commutative diagram with vertical isomorphisms:

KS(Tﬁu -Fcam Pﬁ) KS(Tﬁ’a fcam Pﬁ)

~j L~

H‘;:Cﬂn(n) (Q’ Tﬁ) ® Gn - H}'—can(n) (Q’ Tﬁ,) ® Gn

where the surjection in the second row is Lemma 3.10. It follows at once that the upper hori-
zontal map in the diagram is surjective as well. U

Theorem 3.12. Under the running hypotheses the following hold.

(i) The R-module KS(T, Fean, P) is free of rank one, generated by a Kolyvagin system k
whose image k € KS(T', Fean, P) is non-zero.

(ii) The R-module KS(T, Feu, P) is free of rank one. When the ring R is regular, the
module KS(T, Fean, P) is generated by k whose image k € KS(T, Fean, P) is non-
zero.

Proof. Lemma 3.9 shows that
hﬂ KS(Tﬁa -Fcany P{) = KS(Tﬁa -Fcany Pﬁ)

The proof of (i) now follows by Theorem 3.5 and Lemma 3.11. (ii) is proved similarly, by
appropriately modifying the ingredients that go into the proof of (i).
U

4. THE EXISTENCE OF CORE VERTICES
The goal of this section is to verify the truth of Theorem 3.2.

4.1. Cartesian properties. Let C = {T, , . : 7, u,v,w € Z*} (resp., € = {T, . 1 1, u,v €
Z+} U{%/m}) be a collection of R-modules (resp., 93-modules).

Definition 4.1. A local condition F at a prime / is said to be cartesian on the collection C if it
satisfies the following conditions:
(C1) (weak Functoriality) If » </, u </, v </, w < w') are positive integers, then
(Cl.a) HL(Qu, T, .000) is the exact image of H:(Qy, T, ,,..,) under the canonical map

Hl (Qb Tr’,u,v,w) — HI(QE; Tr,u,v,w)7
(C1.b) H%(Qy, T, 4w) lies inside the image of Hx(Qy, T, 1.) under the canonical
map
Hl (QZ; Tr,u’,v,w) — H1 (Q£7 Tr,u,v,w)'
(Cl.c) Hz(Qy, T, 4 0) lies inside the image of Hx(Qy, T 0) under the canonical
map
Hl (Qfa Tr,u,v’,w) — Hl(@ly Tr,u,v,w)-
(Cl.d) Hx(Qy, T, 400) lies inside the image of Hx(Qy, T,..0.r) under the canonical
map
Hl (Qﬁa Tr,u,v,w’) — H1 (Qﬁv Tr,u,v,w)~
(C2) (Cartesian property in X;-direction) If u, v, w,r € Z™, then
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HI(QZ Tru—‘rl’uw)
(C2.2) H-(Qp, Ty ) = ker (Hl  Tr ) — T )
]:(@K UV, ) (@Z T ) H}:(QZ7TT,U+1,U,QU>

The arrow is induced from the injection

[X1
Tr,u,v,w *L Tr,qul,v,w

where [X] stands for multiplication by X;.

H rau,v+1w
(Cz'b) Hjl:(@e’ TT»UW,UJ) = ker (Hl (Qéa Tnu,v w ‘l QE’ = ) > .
(@57 ru,v+1, w)

H U, V, W
(CZ'C) H-;(@& TT’%UJU) = ker <H1(@€7 T'r,u,’u w *L 1 QZ’ +1) > .
H (QZy U, w+1>
(C3) (Cartesian property as powers of p vary) If » < 7’ are positive integers, then

« Hl(@é Ty )
Hl 7T7"uvw _ker(Hl 7T7"uvw u) s r+luvw :
7(Qe, T 0,) Qe Tr0,0) B Tonr s )

where the arrow is induced from the injection

[]
Tr,u,v,w — Tr—i-l,u,v,w .

Similarly,

Definition 4.2. A local condition F at a prime / is said to be cartesian on the collection € if it
satisfies the following conditions:

D1) If r </, u </, v <) are positive integers, then
(Dl.a) Hyx(Qy, T, . is the exact image of Hx(Qy, <, ,.,) under the canonical map
Hl (Qéa TT’,U,'U) — Hl (Qéa Tr,u,v)a
(D1.b) H3(Qy, ¥, ..,) lies inside the image of Hx(Qy, ¥,.. »,) under the canonical map
Hl(QZ; zr,u/,v) — Hl (QZ; Sr,u,v)-
(D1.c) Hx(Qy, T, ..) lies inside the image of H3(Qy, %, ,.,/) under the canonical map

Hl(@éa T7‘,u,v’) — Hl (@Zu gr,u,v)
(D2) If u,v,r € Z", then

1 1 Hl( r u+l, v)
(Dz'a) H]—'(@Z;‘zr,u,v> = ker <H (QZ; ‘Zr,u,v) —> ) .

H}_l-( 7‘ u+1, U)
H

(Dz'b) H}:(@e’ ‘Zr,u,v) - ker (H1 (Qf, Tr,uﬂ}) 1] 1 <Qe, - u’v+1) ) .
H]—‘(QE; r u,v+1)

(D3) (Cartesian property as powers of p vary) If < r/ are positive integers, then
[] Hl(@b(z?drl uv)
Hl Qasruv :ker(Hl@73’ruv — — .
]:( 1 YUy ) ( L YU, ) H}:(QZ,IT+17U7U)

Hl
(D4) Hy(QgT/m) = ker (Hl((@g, T/m) — M) , where the arrow is induced
H3(Qe,%111)

from the injection

ﬁi/m =k > Ro[m] — Ro.
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4.1.1. Cartesian properties at p.

Proposition 4.3. Assuming (H.nA), the local condition at p given by Fe,, on the collection C
(resp., on the collection €) is cartesian.

Proof. This is obvious thanks to Proposition 2.5. U

4.1.2. Cartesian properties at bad primes { # p over the coefficient ring R. Throughout this
section the hypothesis (H.Tam) is in force.

Lemma 4.4.

(1) H} (Qb Au,v,w) = Hl}r(@b Au,v,w)-

(11) H} (Qﬁa Tu,v,w) = Hulr(Qfa Tuﬂ},w)-
(111) H}»‘mn (@Za Tr,u,fu,w) = H&r(@fa Tr,u,v,w)-
(iv) The following sequence is exact:

! Avv,w
0 - H-]#can <@£’ TT”U"U’IU) - Hl (Qf) T'r,u,v,w) Z}E%E:Au:v:wg

Proof. (iv) follows from (2.1).

By [Rub00, Lemma 1.3.5] we have the following two exact sequences:

(4.1) 0 — H(Qp Auw) — Hy(Qp, Ayow) — W/(Fry — HW — 0

r

(4.2) 0 — Hy(Qp, Tupow) — Hi(Qp, Tup) — W= — 0

iy

where W = Alv, /(AL ,)av- In Lemma 4.5, we check under the assumption (H.Tam) that
Wre=1 = (), Since W is a finite module, the exact sequence

0 — WFe=L 5 W ™0 s W/(Fr, — YW
shows that YW/ (Fr, — 1)V = 0. This proves that
43 HHQuAuuw) = HolQu Aupw) + Haol Qe Tuww) = Hj(Qr, Tup)-
This proves (i) and (i1). By (2.1) and (4.3) it now follows that
H}r (Q¢, Ty 0) = im (H&r(QfaTu,v,w) — Hl(@é; Tr,u,v,w)) - Hir(@e, Thuvw)

Hl @ ) Au v,w
H}-‘C,dn (@K: Tr,u,v,w) = ker (Hl(@éa Tr,u,v,w) — Hl ((Qi ./4 — ))> D H&r(Qéka,u,v,w>

and the proof of (iii) follows. ]
Lemma 4.5. Wre=1 = (.

Proof. As we have A, 1,[w] = T, it follows that H°(Qy, A; 1 1[ww]) = 0 since we assume
H.Tam, hence also that

HO(Q& -Al,l,l) = 0.

Using the Gy-cohomology of the exact sequences
X
0— -'4171,w ﬂ A1,1,w+1 — A1,1,1 —0
X
00— Al,v,’w [*2; Al,erl,w — Al,l,w — 07

[X1
0— Au,v,w *l Au+1,v,w — Al,v,w — 07
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it follows by induction that
“4) H(Qe, Avp) = 0.
Taking the G/ I,-invariance of the short exact sequence

0 — (A, wav — Al — W — 0
we see by (4.4) that
W=t — HY(Gy/ 1y, (A{f,fu,w)div> = (Ag,v,w)div/(Fre —1).
To conclude with the proof, it therefore suffices to show that
(Aityw)ai/ (Fre = 1) = 0.

For any o € Z™, (4.4) shows
(4.5) H(Ge/It, (A )ainl@?]) = 0.

The exact sequence

(<A£€v,w)div[wa]>ﬁ£:1 — (AL

UV, W

Ja[] T2 (AL, D[] — Al

UV, W

=)/ (Fr, — 1) = 0
and (4.5) shows that A’

UU,W

[@®]/(Fr, — 1) = 0. Passing to direct limit the Lemma follows.
O

By Lemma 4.4(iv) we have the following commutative diagram with exact rows:

Hl 7Au v, w
O - H«}:can (@f? Tr,u,v,w) - Hl(QK’ Tr,u,v,w) H}Egiftu!v’w;
La
H! JAu LU, W
00— H}-‘mn (Qf? Tr,u—l—l,v,w) - Hl (@Z7 Tﬂu-{—l,v,u;) Qe ! )

H Qe Aut1,o,w)
Lemma 4.6. The map « is injective if
B H' (I, Aywao)™ = — H (Lo, Ayi1,00)™ "
is injective.

Proof. This follows from the commutative diagram

H' Qg Au,v,0) 1 —_—
0 — H}(Qj:Au,v w) H (1—27 Au,v,w) e
at ,
Hl(@ 7Au ,'u,w) 1 Fro—1
0= FT@Auirvn) H (Lo, Ausir o)™

whose exact rows come from the Hochschild-Serre spectral sequence and the fact that
H} (QE; Au,v,w) = H&r((@g, A%an) := ker (Hl(Qfa Au,v,w) — Hl (Ig, Au,fu,w)FrZZI) )

where the first equality is Lemma 4.4(1). U
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Consider the short exact sequence

0 — Auvw Xy Aui1ow — Alpw — 0
The I,-cohomology of this sequence gives
(4.6) 00— Al o/ AL — AL — H (L, Aupw) — H (Ie, At o)
To ease the notation set
Kow = Adit v/ Atk
so that the sequence (4.6) may be rewritten as
(4.7) 0 — AL/ Kow — H (I, Auow) — H (It Auir )

Taking G/ I,-invariance in (4.7), we conclude that
Lemma 4.7. ker(8) = HY(Gy/Io, At /Ko w)-

Lemma 4.8. Under the assumption that (H. Tam) holds true,
(i) H°(Qe, A1pw) =0,
(i) H(Qe. Ko) = 0.
Proof. Noting that T = A 11, Hypothesis (H.Tam) shows that
HO(@Z, A1,1,1[w]) =0
and also that H°(Qy, Ai11) = 0. The Gy-invariance of the sequence

(X3
0— A1,1,w—1 4 Al,l,w — «41,1,1 —0

shows by induction that H O(Qg,ALl,w) = 0 for all w € Zs. Using similarly the exact
sequence

0— Al,vfl,w [Xil Al,v,w — Al,l,w — 0
we conclude with the proof of (i). (ii) follows from (i) as K, ,, is a submodule of A, ,, ,,. ]

Proposition 4.9. ker(3) = 0.

Proof. Taking the G/ I,-invariance of the short exact sequence

0— K:v,w — AIZ — AIZ /]Cv,w — Oa

1v,w 1v,w
we conclude using Lemma 4.8 that
(4.8) ker(B) — HY(Go/I1, Kyw) = Koo/ (Fre — 1)y 0.
Lemma 4.8(ii) yields (using the fact that C,, ,, is @*°-torsion) an exact sequence

T Ky |@®] — Kow[@®]/(Fry — 1) — 0

for every o € Z*. Noting that the module /C, ,,[cv®] has finite cardinality, it follows now that
Kow|w?®]/(Fre—1) = 0.
Passing to direct limit, Proposition follows by (4.8). U

0 — Kpwl[w?]

Proposition 4.10. The local condition at a prime { #* p, given by F.., on the collection C is
cartesian.

Proof. Cl.ais true by definition and C1.b-d by Lemma 4.4(iii). C2.a-c follow from Lemma 4.6
and Proposition 4.9; C3 holds true thanks to [MR04, Lemma 3.7.1]. Ul
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4.1.3. Cartesian properties at bad primes { #+ p over the coefficient ring R. Assume through-
out this section that (H.Tam) holds true.

Lemma 4.11.

(1) chm (Qpa ‘Zr,u,v) = Hulr(an ‘zr,u,fu)-
(i) The sequence

0— H-}:can <@£7 ‘ZT,UKL)) — Hl (@b Ir,u,v) —

Is exact.

Proof. The proof of Lemma 4.4 above works verbatim. U

Lemma 4.12. In the commutative diagram

H (Qg, 2,0
0 > H}-‘C“ (@Zy IT,U,U) > Hl (@fa Tr,u,v) Hulr((%i7mﬂ,vg
La
H' (Qg, 0110
0— H} (@0 D) —= H Qe Trapr) — s

the map « is injective.
Proof. Identical to the proof of Proposition 4.9. U
Recall the ring O and the module T} from §1.1.
Proposition 4.13.
(i) H;(Qr, To) = Hy(Qy, To), where
H(Qp, To) = ker (H'(Qp, To) = H' (I, To ® Qy)) -

(i) Hz, (Qr, %11) = Hy(Qp, Ti)

(i) Hr, (Qo, Ti11) = Hy(Qr, Fi)-

(lV) chan (Qle) = im (H&r((@g, TD) — H1<Qg, T)) = H&r<(@g, T)

(v) Hy(Qq, T) is the inverse image of Hy,(Qg, T11)[m] under the map induced from (1.2).

Proof. (i) and (ii) follows from [Rub00, Lemma 1.3.5] since we assumed (H.Tam), and (iii)
follows mimicking the proof of Lemma 4.4(i11). We next verify (iv). By its very definition (see
the beginning of §2),

H}—'mn (Qﬁv T) =1im (H_}—'&m (QZ) T1,1) — Hl (QZ) T)) = im (Hl}r(Qfa T1,1) — Hl(@ﬁa T)) )
where the second equality is thanks to (i). Thus, the assertion (iv) amounts to

(49) im (Hl}r((@ﬁa T1,1) — Hl(@ﬁa T)) = Hl}r(@ﬁa T)?

(4.10) im (Hyp(Qr, To) — H'(Qp, T)) = Hy(Qe, T)-
In order to verify (4.9), it suffices to check that we have a surjection
H(1;,%, 1) — H°(1,,T)
as Gy /I, has cohomological dimension 1. Taking the I;-invariance of the exact sequence

(411) 0— mRTLl — 51’1 — T — 0
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we see that )
coker (H(Iy,%11) — H(1,,T)) — H'(L;,mgT11).

As the module H(I,, T) is of finite order, the image of the injection above lands in the Z,-
torsion submodule H' (I, mr% 1 )iors Of H'(I;,mz%11). On the other hand,

HY (I, mrT11)iors = (M1 ® Q,/Z,)" /div = A" /div = 0
where

e M /div is short for M /Myy;

e the second equality is obtained tensoring the exact sequence (4.11) by Q,/Z,, and not-
ing that the exactness is preserved as mp T, ; is Z,-torsion free, and that T’®Q, /Z, = 0;

e the last equality is (H.Tam).

This shows that
coker (H°(I;, T1,1) — H°(1,,T)) =0
as desired and (4.9) is verified.
To verity (4.10), it again suffices to check that

coker (H°(Iy, To) — H(1,,T)).
Considering the [,-invariance of the exact sequence
0—To 25Ty —T —0

we see that B
coker (H0<Ig, TD) — HO([[,T)) — H1(127T0)tors~

As above, H*(Iy, To)iors = A% /div = 0 and this completes the proof of (iv).
We now prove (v). Consider the sequence

(4.12) 0—T—%;—9—0

where the arrow T — %1 is obtained from (1.2) and Q is defined by the exactness of this
sequence. Taking the /,-invariance of the sequence (4.12), we obtain another exact sequence

0— Qo — H'(I,,T) — H'(I;,%1,)

where Q, = QO / ‘I{‘fl /Tt Taking the G,/I,-invariance of the final exact sequence, we
conclude that
ker (H' (1, T)™=" — H'(1,,%1,)™") = Q5!
hence by Lemma 4.14 below that
(4.13) ker (H' (I, T)™=" — H'(I;,T1)™") = 0.

Consider now the commutative diagram

0 Hl}r(@éa T) HI(QE, T) HI(IE, T)Fr4:1 0

l | |

0— H&r(@b ‘31,1) — Hl((@g’ ‘ZM) . Hl(]& 3’171)Frg:1 0

(4.13) shows that ¢ is injective, and a simple diagram chase yields
Hy (Qe, T) = ker (HN(Qe, T) — H'(Qe, T11) / Hp(Qr, F1,0))

which is a restatement of (v). ]
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Lemma 4.14. Q=" =0

Proof. As T = 0, it follows by the proof of [MR04, Lemma 2.1.4] that S = 0 for any
subquotient S of T, in particular for S = Q. O

Proposition 4.15. The local condition at a prime { # p, given by Fe., on the collection € is
cartesian.

Proof. One verifies D1 using Lemma 4.11 and D2 using Lemma 4.12. D3 follows from [MR04,
Lemma 3.7.1] and D4 from Proposition 4.13(i) and Proposition 4.13(iv). O

4.1.4. Cartesian properties for the transverse condition. Recall the partial order < from Def-
inition 2.7 on the quadruples (resp., on the triples) of positive integers.

Proposition 4.16. For ny = (o, ug, vo, W), suppose { € Py is a Kolyvagin prime in the sense
of Definition 2.6. Then the transverse local condition at { is Cartesian on the family {Tz}
(resp., on the family {5}, ., U{T/m}).

fi<ig

Proof. Suppose n = (r,u,v,w) and 0’ = (v, v/, v',w’) are such that n < n’ < ng. Then we
have the following commutative diagram whose rows are exact by Lemma 2.12:

0 —> HL(Qe, To) — H'(Qs, To) — H(Qs, Tor) — 0

| |

0—— Htlr(Qb Tﬁ) - Hl(@f? Tﬁ) - H}(Qb Tﬁ) —0

where the vertical arrows are induced from the natural surjection Tz — Tj. This shows that
H!(Qy, Tw) is mapped into H}(Qy, T5) and C1 is therefore verified. Furthermore, as the Ry~
module Tg,”:l (resp., the Rz-module ’]I‘Ere:l) is free of rank one, it follows by Lemma 2.12 and
Proposition 2.13(i) that

H&(@% Tﬁ’) - Htlr(@fv Tﬁ)?
i.e., the transverse local condition on the quotients Ty is the same as the propagation of the
local condition H!(Qy, T5,). As the quotient

HY(Qu, Tay)/ Hy (Qe, Tay) = H(Qe, Try )
is a free Rz,-module of rank one, C2 and C3 follow from the proof of [MR04, Lemma 3.7.1(1)],
using the argument in loc.cit. for the multiplication by [X1], [Xs], [X3] and [cw] maps separately.

One proves D1-D3 for the collection {%5},_, U {%/m} in an identical way and it remains
to verify D4. To settle that, consider the commutative diagram with exact rows:

0 Hy(Qp, T/m) HY(Qy, T/m) H(Qy, T/m)
|

; J |

0—— H&(Qe, Ti11)[me] — Hl(@b Ti10)[Mr] — H}(Qéa Ti11)[mr] —0

As the Ro-module H}(Qq, Ty,1,1) (resp., the k-vector space H;(Q, T/m)) is free of rank one
(resp., is one-dimensional), it follows that the right-most arrow is injective and by chasing the
diagram it follows that

Hl(@faglll))
ker ( H e
er( A AN A

which is D4. U
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4.2. Controlling the Selmer sheaf. Assume throughout this section that x(T) = x(¥) = 1 in
addition to the running hypotheses. Let ft = (r, u, v, w) € (Z=o)* and § = (r,u,v) € (Zs)®.

4.2.1. The upper bound.

Proposition 4.17. We have the following isomorphisms:

(i) H'(Qs(Fu/Q. T) — H (Qx(r)/Q, Ta) (M),

(i) H'(Qs(ru/Q, T/m) — HY(Qs () /Q, Ti1,1)[m],
(i) H'(Qs(zu/Q F11,1) — H Qs /Q, Ts) (@, X, v — 1)),
(V) Hy, Q. T) = Hf_ ,)(Q, Tg)[M],

() H_ ) (Q.T/m) =5 HE ) (Q,%)[m]

Proof. (i), (ii) and (iii) follows from the proof of [MR04] Lemma 3.5.2; see in particular the
displayed equation (7). (iv) is now verified using (i) and Propositions 4.3, 4.10 and 4.16. (v)
follows from (i1),(ii1) and Propositions 4.3, 4.15 and 4.16. O

Let Ryyow = R/ (=", XY, XY, X¥) and R,,., = R/ (=", X, (v — 1)).

Corollary 4.18. Let n € N, v (resp., n € N,....) be a core vertex for the Selmer structure
Fean on T, in the sense of Definition 3.1. The R, yvm-module Hom (H}Can(n) (Q, Ty upw) ®/ (’))

(resp., the R, ., ,-module Hom (H }Can (n) (Q,%run), ®/ O)) is cyclic.

Proof. By Proposition 4.17(iii), it follows that
Hom (H}._,()(Q. Tyy), ©/0) /M = Hom (H},,)(Q,T), ®/0).

Since the k-vector space Hom <H]1E (@, T),®/ (’)> is one-dimensional (thanks to our as-
sumption that n is a core vertex and that x(T) = 1), it follows that the R, ,.-module
Hom (Hjlfcan (n) (Q, Ty vw) ®/ (’)) is cyclic by Nakayama’s Lemma. The statement for %, ,, , is
proved in an identical fashion, using Proposition 4.17(iv) instead of Proposition 4.17(iii). [

Remark 4.19. There exists infinitely many n as in the statement of Corollary 4.18 thanks to
[MRO4, §4.1].

4.2.2. The lower bound. Letn = (r,u,v,w) € (Zso)* and § = (r,u,v) € (Z+o)>.
Proposition 4.20. For n € N, . (resp., n € N,....,), we have

lengthy, (HE,, () (Q, Ta)) — lengthy, (H,, (- (Q, Ty)) = lengthy, (Ry)
(resp.,

length, (H7. ) (Q, Ts )) — length, (Hy_ - (Q, T3 7)) = lengthy,(Rs).)
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Proof. By [MRO04, Corollary 2.3.6] it suffices to verify the assertions of the proposition only
when n = 1.

Let T, , . beasin §1.1, so that T, , ,, is a free O-module of rank wvw. Theorem 4.1.13 of
[MRO4] (applied with the O[[Gg]]-representation T" = T,, , ,, and its quotient Tg = T, ,, ., /@")
shows that

length,, (H:_(Q,Ty)) — length,, (H;&(@,T;)) = ruvw - x(T) = lengthy (Ry),

as desired. Similarly, repeating the arguments above for the free O-module ¥, , (of rank
uv - dimy (Ry)), we conclude with the second assertion. O

Corollary 4.21. For n as in Proposition 4.20,
(1) lengtho (H_;:mn(n) (@7 Tﬁ)) Z length(’)<Rﬁ>’
(ii) length,, (H}Can(n)((@, f:g)) > length,, (%)

We are now ready to prove Theorem 3.2. Let n = (7, u, v, w) and § = (r,u, v).

Corollary 4.22. Let n € ./\/’ﬁ_ (resp., n € N;) be a core vertex for the Selmer structure Fey, on
the residual representation T

(i) The Rz-module H}Can(n) (Q, T5) (resp., the Rs-module H (n)(@ Ts)) is free of rank

one.

(i) H,, ) (QT;) =0 (resp., Hy . (Q F) = 0).

Proof. Tt follows by Corollary 4.18 and Corollary 4.21 that Hom < Fan(m) (@ T), @/ (’)) (resp.,

Hom (H}m (n) (Q, %5), P/ (’))) is a free Rz-module (resp., a free RRz-module) of rank one. (i)
follows from the Gorenstein property of R and *R, c.f., [Gro67, Prop. 4.9 and 4.10]. The point
is that & /O is an injective hull of k and thus a dualizing module for R and ‘.

(i1) follows from (i) and Proposition 4.20. [

5. APPLICATIONS

5.1. Example: Elliptic curves and deformations of Kato’s Kolyvagin sytem. Suppose £/q
is an elliptic curve without CM which has split-multiplicative reduction at all primes ¢ dividing
its conductor Ng. Let T = E|p| be the p-torsion on E. Let

pe : Gog — GL(T') = GLy(F,)

be the mod p Galois representation attached to F. Suppose that the universal deformation
problem for pg is unobstructed; see Example 1.1 above for the content of this assumption.
Let R be the universal deformation ring and p the universal deformation of pgr and the T the
deformation space on which Gy acts by pg. Since we assumed that the deformation problem
is unobstructed, R = Z,[[X7, X5, X3]] and T is free of rank two as an R-module. The Weil-
pairing shows that x(7') = 1.

We further suppose that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and
(H.nA). Before discussing the applications of Theorem 3.12 to this setting, we first explain the
contents of the extra hypotheses (H.Tam) and (H.nA) in this particular setting.

Proposition 5.1. Suppose Eq is an elliptic curve as above and (| N is a prime. Assume that

e p does not divide the Tamagawa number c; at ¢,
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e p does not divide { — 1.
Then (H.Tam) holds true for T = E|p].

Proof. LetT = T,(FE) be the p-adic Tate module of £. Under the running assumptions, there
is a non-split exact sequence

(5.1) 0—Z,(1) —T—7Z,—0

of Z,|[G(]]-modules. Let o = 9(1) € H'(Qy,Z,(1)) where 0 : Z, — H'(Q,,Z,(1)) is the
connecting homomorphism in the long exact sequence of the Gy-cohomology of the sequence
(5.1). Kummer theory gives an isomorphism

(5.2) ord, : H'(Qy, Z,(1)) = Q" = Z,.

According to [CES6] pp. 290 and 292, —o¢ is the extension class of the sequence (5.1) inside

Ext%p[Gz] (Zy,7.,(1)) = H*(Qu,Z,(1)). Hence ord,(c) # 0 as the sequence (5.1) is non-split

and by [Biiy11a, Prop. 3.3] it further follows that ord,(c) € Z and therefore O is surjective.
We have the following diagram below with exact rows and commutative squares

HO(Qy, T) Zy —2> H'(Qu, Z,(1)) 2 Z,

l | |

0 —— HO(Qe. py) — HO(Qe, T) — Z/pZ ~*~ H'(Qe, ) = Z/p7

This shows that the map 0 is surjective as well and hence

HO(Q@aT) = HO(Q@all‘p) =0

as we assumed p 1 ¢ — 1. O

The assumption (H.nA) is to say that p is not anomalous for E (in the sense of Mazur [Maz72]).
Given an elliptic curve I/, Mazur in loc.cit. points out that anomalous primes should be scarce.

Let f be any elliptic newform of weight w > 2 and let
Pr GQ — GLQ(Of)

be the Galois representation attached to f by Deligne with coefficients in the ring of integers
Oy of a finite extension ®; of of Q,. Let T be the free O; module of rank 2 on which Gg
acts via py. Let my denote the maximal ideal of Oy and let p; the residual representation of p¢
mod my. Suppose that py = p so that p is a deformation of p to the ring O;. We thus have
a ring homomorphism ¢, : R — Oy that induces and isomorphism 7y = T ®,, Oy, and by
functoriality a commutative diagram

- o -

(53) KS<T7]:camP) KS(Tf7~Fcan7P)

\/

KS(T, Fean, P)

Let & € KS(T, Feu, P) be any big Kolyvagin system which generates the cyclic R-module
KS(T, Feun, P) and let ¢4 (k) be its image in KS(T, Feun, P). Let n?a“’ € KS(T}, Feun, P)
be the Kolyvagin system obtained from Kato’s Euler system constructed in [Kat04] for the
modular form f.
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Theorem 5.2 (Interpolation). There is a Ay € O such that

Kato

A ps(k) = Ky

Remark 5.3. Theorem 5.2 states that an improved version of Kato’s Kolyvagin systems (by the
factor \s) interpolate to give rise to the big Kolyvagin system, rather than Kato’s Kolyvagin
systems themselves. We call the Kolyvagin system o (k) an improvement to k' as the
bounds obtained using the Kolyvagin system ¢¢(k) improves those obtained using n?am =
Ar - pr(k) by a factor of ;. In particular, when the Kolyvagin system nljﬁam is itself primitive

(in the sense of [MRO4, Definition 4.5.5]), then \; € (9;.

Proof of Theorem 5.2. Let k be the image of & in KS(T', Fean, P). By Theorem 3.12, k # 0, so
it follows by [MRO4, Theorem 5.2.10(ii)] and the commutative diagram (5.3) that ¢ (k) also
generates the free O p-module KS(7, Fean, P) of rank one. O

In §5.4 below we will explain how the big Kolyvagin system k£ may be used to obtain bounds
on certain Selmer groups. Before that, we remark that

(i) the Kolyvagin system fcIf(a“’ is related to a special value of L-function attached to f, by

the work of Kato [Kat04, §14];
(i1) the recent works of Emerton [Emel 1] and Kisin (unpublished lecture notes) show that
the the classical modular points are Zariski dense in Spec(T).

Thanks to these remarks, one hopes that the bounds we shall obtain below in terms & will be
ultimately related to an appropriate p-adic L-function (whose existence for the time being is
highly conjectural) in 3-variables. See §5.4.2 for an elaboration of this point.

5.2. Example: Hida’s nearly ordinary deformation. Suppose F q, is an elliptic curve with-
out CM and p and T = E|p] are defined as in §5.1. Suppose in this section that E is p-ordinary
and has split multiplicative reduction at every prime ¢ dividing its conductor Ng. Let f be the
newform of weight 2 and level Ny associated to £/ by the work of Wiles and Taylor-Wiles.

Let ™ = 1+ pZ,. Identify A = (Z/pZ)* by u,_, via the Teichmiiller character w so that
we have

Zy = AxI™

Set A = Z,[[T"¥]]. Let h° Hida’s universal ordinary Hecke algebra parametrizing Hida family
passing through fg, which is finite flat over A* by [Hid86a, Theorem 1.1]. We will recall some
basic properties of h°, for details the reader may consult [Hid86a, Hid86b] and [EPW06, §2]
for a survey. The eigenform f = f fixed as above corresponds to an arithmetic specialization

s;:h — 7,
Decompose h into a direct sum of its completions at maximal ideals and let b be the
(unique) summand through which s factors. The localization of §°¢ at ker(s;) is a discrete

valuation ring [Nek06, §12.7.5], and hence there is a unique minimal prime a C b such that
s ¢ factors through the integral domain

(5.4) R = b3 /a.

The A%¥-algebra R is called the branch of the Hida family on which fg lives, by duality it
corresponds to a family [F of ordinary modular forms. Hida [Hid86b] gives a construction of a

big Gg-representation 7 with coefficients in R and the ring R is Gorenstein of dimension two
(as in [Wil95, TW9S5]). Let A = Z,[[Gal(Q../Q)]] be the cyclotomic Iwasawa algebra and set
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R=R®z, Aand T =T ®z, A, where we allow Gg act both on T and A. Following Ochiai,
we call ¥ the universal ordinary deformation of 7'.

Suppose that the hypotheses (H1)-(H4) as well as (H.Tam) and (H.nA) hold true. In this
case, Theorem 3.12 recovers a theorem of Ochiai [OchO5], which he establishes by deforming
Kato’s Euler system' along the ordinary locus of the universal deformation space. For any
ordinary eigenform ¢ that lives in the branch R of the Hida family, let

5 R— Oy
denote the corresponding arithmetic specialization and T;, = 7 ®,, O, the associated Galois
representation, where O, is the integers of a finite extension of . Let

K5 € KS(T, ® A, Foan, P)

be the A-adic Kolyvagin system for to the cyclotomic deformation 7, ® A obtained from Kato’s
Euler system as in [MRO04, §6.2]. The proof of the following is identical to that of Theorem 5.2.

Theorem 5.4. Let & be a generator of the free R-module KS(T, Fuan, P) of rank one. Let
KS(T, Fen, P) == KS(T,; ® A, Fean, P)

be the map induced from the arithmetic specialization s, above by functoriality. There is a
g € O4[[]] such that

Ag - 54(Kk) = K5,

Corollary 5.5. Let k be as above. Then its leading term k, € H'(Q, %) is non-zero.

Proof. For g as above, Kato proves that kX € H*(Q, T, ® A) is non-zero. Corollary follows
from Theorem 5.4. U

Theorem 5.4 may be used along with a standard Kolyvagin system argument to recover the
results of [Och05].

5.3. Weak Leopoldt Conjecture for Galois deformations. Let 8 = R[[[']jand T =T ® A
be as in §1, satisfying the hypotheses (H1)-(H4), (H.Tam) and (H.nA). Suppose further that
x(T') = 1. For any ?R-module M, let M"Y = Hom(M, Q,/Z,) denote the Pontruagin dual of
M.

Lemma 5.6. Suppose M is an R-module. Assume for a height one prime @ of R and an
integer N, the quotient M /(p,v — 1 + p™)M is of finite order. Then M is a finitely generated
R-torsion module.

Proof. To ease notation, write 7y = v — 1 + p’¥. Then once can find an integer s so that

(5.5) p* - (M/(p,yn)M) = 0.

By Nakayama’s Lemma, M is finitely generated as an $R-module, say by my,...,m, € M. It
follows from (5.5)

p’m; = XT: aﬁi)mj,

j=1

'Whereas we carry this out in the level of Kolyvagin systems.
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—

where aji) € (p,7n). Setting A = [aéi)] and B = A — p* - I,,, we conclude by (5.5) that

i—1 r
Z CL.(jZ)mj + (agz) —p°)m; + Z aéz)mj =0
J

j=i+1
ma my
— (A=p" L) | ¢ | =B-| ¢ | =0
m, m,
my
= adj(B)- B : =0 = det(B)- M =0.
my

To conclude with the proof of the lemma, we check that det(B) € R is non-zero. Observe that
det(B) = det(A —p° - I«,) = (—=1)"p" mod (p,Vn)
# 0 mod (p,w),

as the ring R/(p, 7n) = R/ is an integral domain of characteristic zero. O

The goal of this section is to prove Theorems 5.7 and 5.10.

Theorem 5.7. Suppose the ring R above is regular. If the R-module H 1;m (Q, T*)Y is torsion,
then there is a Kolyvagin system & € KS(%, Fean, P) such that:

(i) Its leading term k1 € H'(Q, %) is non-vanishing.
(i) ky ¢ pHY(Q, T) for infinitely many height one primes p of R.

Remark 5.8. In the setting of §5.2 above, the ring R is often regular as explained in [FO11,
Lemma 2.7].

Proof. For any ideal I of R and any subquotient M of ¥, we have thanks to our running
hypothesis (H3), [MRO04, 3.5.2] and the proof of [MR04, Lemma 3.5.3] that

Hl(@z(fm)/@7 M [I]) — Hl(@z(ﬂan)/@7 M*)[f]

and hence also an injection

Hy, (Q.M7[I]) = Hy, (Q,M")[1],

can

where F7, on M* is induced from the Selmer structure F,, on T* by propagation. Passing to

Pontryagin duals, we thus obtain a surjection

(5.6) Hy, (QM*) @R/l - Hg, (Q, M*[I])".

an

By the assumption that H }(Q, T*)V is MR-torsion, one can choose by [Mat89, Theorem
6.5] a specialization

5, R— S,

into the ring of integers .S, of a finite extension ®, of Q,, whose kernel o is a height one prime
© C R and satisfies with the following properties:

e S, is integral closure of the integral domain O, := R /g in Frac(O,,) = &,
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* © ¢ Suppy(Hz. (Q,T*)"), where p here denotes by slight abuse the height one prime
which is the kernel of the induced map

R = R[] = S,[]].

We denote the induced ring homomorphism O, — S, also by s,

For o chosen as above, it follows that the module H%. (Q,T*)Y/p is O [[T']]-torsion. By
(5.6), this implies that the module

HE. (@ T[p])" = Hy, (Q.(T/0T ® A)7)"

is O,[[I']]-torsion as well. It is therefore possible (using Hensel’s Lemma and [Mat89, Theorem
6.5]) to choose an N >> 0 such that

o OJIN/(y—1+p") = O,
o v —1+p" & Suppo,_r (H]l-' (Q,(T/pT ® A)*)v>-

can

For N chosen as above, we therefore have that the module
Hz, (Q(T/9T @ A))"/(y =1+ p")
is O, -torsion. Setting T'(p, N) := T /9T @ A/(y — 1 + p") and applying (5.6) again, we
conclude that the module
Hz, (Q.(T/oT @ A/(y = 1+p™)")" = Hy, (Q,T(p,N)")"
is O,,-torsion, hence finite.
When we do not vary N, we write T'(p) in place of T'(p, N) to ease notation. Let 7" =

T'(p) ®s, S, and define the Selmer structure Fr by setting

i E(FT) = 2(~Fcan> =: 2,

o H.}-'T (Qp) T) = H! (va T>’

) H}'—T (Qg, T) = ker (Hl(Qg, T) — H1<[g, T ®Zp Qp)), for ¢ 7£ p.
Note that F is exactly what Mazur and Rubin call the canonical Selmer structure on T'. Let ¢
denote the injection T'(p) < T'. Then ¢ induces maps

H'(Qs/Q,T*) — H'(Qs/Q,T(p)*)
HY(Qe, T(p)) — H'(Q, T)
HY(Qe, T*) — H'(Q¢, T(p)")

for every prime /. It is easy to see that the image of H lm((@e, T(p)) lands in H}T(@e, T) for

every £ (and by local duality, the image of H 1%((@(, T*) therefore lands in HJI”J;"(QZ’ T(p)*)).
We thence obtain a map

(5.7) Hz, (Q.T*) — Hz, (Q.T(p,N)")

In Lemma 5.9 below we check that the kernel and the cokernel of this map is finite for N >> 0.
This shows that H}% (Q, T™) is of finite order for N >> 0, as we have already verified above
that H}m (Q, T(p, N)*) is finite.

Let K € KS(T, Feun, P) be a generator so that its image K € KS(T', Fean, P) is non-zero
by Theorem 3.12. Hence, the image k) of k in KS(T', Fr, P) is non-zero as well. Corollary
5.2.13 of [MRO04] applies thanks to our running hypotheses and it follows that the ngp) # 0 and
hence «, # 0, proving (i). Furthermore, the fact that /#”) # 0 shows that

k1 ¢ ker (H'(Q,T) — HY(Q,T/pT ®A)) = pH'(Q, %)
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where the final equality is because any height one prime of the regular ring R (in particular )
is principle. This proves (ii). U

Lemma 5.9. When the positive integer N that appears in the proof of Theorem 5.7 is suffi-
ciently large, the kernel and the cokernel of the map

Hy, (Q,T*) — Hy, (Q.T(p,N)")
are both finite.

Proof. We first verify that the kernels and the cokernels of the maps

(5.8) H'(Qs/Q,T*) — H'(Qs/Q,T(p, N)*)
(5.9) Hz, (Q, T") — Hy, (Q¢, T(p, N)")

have finite order for every prime . When we do not vary N, we will denote T'(p, V) simply
by T'(p).

The kernel of (5.8) lives in H°(Qx/Q, (T/T(p))*) and its cokernel in H (Qx/Q, (T/T())*)
which are both finite.

As for the map (5.9) when ¢ = p, our running hypothesis (H.nA) along with the fact that the
ideal g is principal® (being a height-one prime of the regular ring R) show that
Hy,,(Qy, T(p)) :=im (H'(Q,, T) — H'(Qy, T(p))) = H' (Qp, T()),
hence we have that
H}, (Q,T*) = 0= HE, (Q0, T(p)")
so the kernel and cokernel of (5.9) are trivial. It remains to control the kernel and the cokernel
of (5.9) when ¢ # p. The kernel of

(5.10) Hz, Qe T(9)) — Hr (Q0, T)
is controlled by
ker (H'(Qq, T(p)) — H'(Q¢,T)) = im (H°(Q¢, T/T(p)) — H'(Q., T(p)))
which is finite.
We finally prove that the cokernel of (5.10) is finite. Consider now the commutative diagram

0 —= Hy(Qe, T(p)) —= H'(Q, T(p)) — H'(I;, T(p))"*=" —=0

N | |

0—— HL(Q,,T) HY(Q,T) H' (I, T)Ffre=l —0

The cokernel of the vertical map in the middle is controlled by H?(Qy, T//T(g)) hence it is
finite. Also, the kernel of the the rightmost is finite for a similar reason. This shows by snake
lemma that the cokernel of the leftmost vertical map is also finite. As the index of H.(Q,, T)
in H(Q¢, T) = Hx,(Qq, T) is finite as well, we therefore proved that

(5.11) the cokernel of the map H,(Qy, T(p)) — Hy, (Qp, T) is finite.
Furthermore, it is not hard to see that the A-module

Hy(Qe, T/9T @ A) = H'(Ge/ I, (T /oT)" @ A)

“This is the only point in the proof of Theorems 5.7 and 5.10 where we use that the ring 'R is regular in an essential
way.
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is A-torsion. (Note in the equality above we use the fact that /, acts trivially on A.) Choosing
the positive integer N >> 0 above so that ¥ — 1 + p’¥ does not divide the characteristic ideal
of this module, we obtain a finite quotient H'(G,/Is, (T /9T )" ® A)/(y — 1+ p™). Since the
cohomological dimension of G/, is one, we have

H'(Ge/Ie, (T/oT) " @A) /(v = 1+ ™) = H(Ge/Io, (T/T)" @ A (v = 1+ "))
= HY(Go/ L, (T/oT @ AJ(y = 14+ p")")
=~ H'(Gy/1;, T(p. N)'*) = Hy(Qe, T (g, N)),
where T'(p, N) = T /T ®A\/(y—1+p") as above. In particular, the index of Hy._(Q,T(p, N))

an

in H! (Qy, T'(p, N)) is finite for N >> 0. This, together with (5.11) shows that the kernel and
cokernel of the map (5.10), and by local duality, also the kernel and the cokernel of the map
(5.9) are finite for N >> 0.

Using the fact that the kernels and cokernels of the maps (5.8) and (5.9) are both finite the
proof of the lemma follows at once. U

Theorem 5.10. Suppose the ring R above is regular and suppose that there is a Kolyvagin
system k € KS(T, Fean, P) such that k, € H'(Q, %) is non-torsion. Then the R-module
HE. (Q, %)Y is torsion.

Proof. As the proof of this Theorem in fact follows from a more general statement due to
Ochiai [Och05] (see the proof Theorem 2.6; also §5.4 below), we give a sketch of the proof.
We use the notation from the proof of Theorem 5.7.

Since x; 1s non-torsion, it follows that there is a height one prime  of R as in the proof of
Theorem 5.7 and a positive integer N (chosen in way that the conclusion of Lemma 5.9 holds
true) such that the image

redp,N(Hl) € H}-—can (@7 T(@, N))
of k1 is non-zero. By our running hypothesis (H3), the map

H'(Qs/Q.T(p)) — H'(Qe/Q,T)

is injective. In particular, the image /ﬁgm of red, v(k1) inside Hy (Q,T) is non-zero. We

therefore conclude for the image k) € KS(T, Fr, P) of & that its leading term mﬁﬁ) # 0.
This shows that Hz, (Q, T*) is finite.

By Lemma 5.9, we have a map
H}%(Q,T*) — Hz, (Q,T(p,N)*)

with finite kernel and cokernel. Hence H%. (Q,T(gp)*) is finite as well. We conclude by (5.6)
that

can

is also finite. It follows from Lemma 5.6 that [ }T (Q, T*)Y is MR-torsion, as desired. U

H]l-'* <Q>(Z*>v/(p77 —1 +pN) = H}%(Q,T*)V

Remark 5.11. The proof of the Theorem 5.10 shows that the assumption on the leding term of
the Kolyvagin system that x; € H'(Q,T) is non-torsion may be weakened to the assumption
that k; ¢ H'(Q,¥) for some height one prime o of R. Below we check further that if
Hz. (Q,%*)Y is M-torsion, then Hx (Q,T) is a free 9-module of rank one. In particular, #,
1s non-torsion and satisfies Theorem 5.7(ii) as well. Hence the assertions of Theorems 5.7 and
5.10 are mutual converses under our running hypotheses.
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Remark 5.12. In this remark, we verify the following statement:
(t) If H }C*an (Q,T")" is R-torsion then, under the assumptions of Theorem 5.7, the R-module
Hi (Q, %) is free of rank one.

To simplify the arguments, suppose in addition that the ring R is the power series ring O[[X]].
The general case when R is a general regular (-algebra of dimension two may be treated
similarly. As above, choose a positive integer N >> 0 so that

o O[[X]]/(X +p™) =0,
o H:. (Q,%)Y/(X +p")is A-torsion.

By setting 7" := T /(X + p™)T, we conclude using (5.6) that the module H(Q, (T ® A)*)¥
is A-torsion. Similarly, choose a positive integer M >> 0 such that
Hy. (Q(T @A) /(y—1+p) = HE, (Q,T)"

can

is finite. Here, 7" is the free O-module T ®@ A/(y — 1 + pM). By [MR04, Corollary 5.2.6],
it follows that ranko(H}y._(Q,T')) = x(T) = 1. Furthermore, the O-module H}. (Q,T) is

torsion-free as since we assume (H3), hence we conclude that H }C (Q, T) is a free O-module
of rank one.

Set X; = X +p" and Xy = v—1+p" for M, N as above and define R, , = R/ (X}, XY),

Ryuo = R/ (0", X1, X3), Tup = T Qn Rup and T, , = T Qn R, 4. Note that Ty ; = T
As Hy (Q,%,,) = lim Hy (Q,%,4.), it follows by the proof of Prop. 4.17 that

HY(Q,%1,1) — Hz, (Q, T [X7 7 X571,
This shows that the module
HOITI Ru,v (H.lrcun (Q’ gu»”)’ mu’v)/(Xit—l’ Xg_l) = HOITI Ru,v (H}:can (@7 Iu,v)[)(iu_a Xg_l], SRu,?))
= HOl’l’l(g (Hfl:can (@, (5:171), O) 5

is cyclic, hence by Nakayama’s Lemma (along with the fact that the O-module H3. (Q, %) =
HL (Q,T) is free of rank one) the module Homy, , (H: (Q,T,,.), R.,v) is cyclic as well.

On the other hand, (H3) shows that the module Hx_(Q, %,,,) is O-torsion free and the proof
of Prop. 4.20 shows ranko(H}c (Q,%y)) > wv. This shows that the cyclic R, ,-module

an

Homgy, , (H}. (Q,%.,,),Ru,) is indeed free of rank one, hence the module H} (Q,%,,,)

itself is free of rank one as an R, ,-module. Passing to limit we conclude with the proof of the
assertion (7).

5.4. Bounding the Selmer group. Let R = O[[X;, X3, X;3]] be as above and suppose M is a
finitely generated R-module. Since R is regular, localizations of R at height one primes p are
discrete valuation rings. If M is torsion, define

char(]\/[) _ H plengtth (Mp)
p

If M is not torsion, we set char(M ) = 0.

The following theorem may be proved (under the running assumptions of §5.3) following
the arguments of [Och05], see particularly the proof of Theorem 2.4 in loc.cit.

an

Theorem 5.13. char (H};&n((@,ﬁl‘*)v) | char (HY_(Q,T)/R - k1) .
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5.4.1. A conjectural example. Let d := rankg(T).
Lemma 5.14. Under the hypotheses (H.nA), the R-module H'(Q,, T) is free of rank d.

Proof. The arguments of [Biiy09, Appendix] prove under the running assumption that the
Ry, w-module H 1(Qp, Tuw) is free of rank d. The proof of the lemma follows passing to
inverse limit. U

Recall the definition of a pseudo-geometric specialization given in Definition 1.5.

Conjecture 1. Suppose (H.nA) holds and assume that x(T') = 1. There is an R-submodule
(the Bloch-Kato submodule) Hx (Q,,T) C H'(Q,, T) with the following properties:

(i) (Interpolation) For ¢ : R — O a pseudo-geometric specialization into a finite, flat,
normal extension O of Z, and T =T @, O, V =T ® Q,, the Bloch-Kato submodule
HE (Qp, T) maps into the Bloch-Kato subgroup

H}BK(QW T) := ker (HI(QIN T) - Hl(@pv Vv & Bcris))

with finite cokernel,
(11) Suppose in addition that the following ‘Panciskin condition’ holds:

(5.12) Hy, (Qp, T) is a free R-module of rank d — 1.

HE (@)

Then, Hx (Q,T) := ker (H}m(Q, T) — M) —0.

We assume until the end that T satisfies the Panc¢iSkin condition (5.12) and that Conjecture 1
holds true. Set

Hsl (Qp> T) = Hl (QP> T)/H.}'—BK(QP’ T)
(1) along with global duality implies that there is an exact sequence of R-modules
loc3
0— Hr (QT)/R-c— H)(Q,,T)/R-loci(c) — H}gK(Q, )Y — Hy, (Q,T*) =0

for any class ¢ € H}._(Q,T). In particular, if 0 # & € KS(T, Fou, P) and k1 € H:_(Q,T),
we have
(5.13)

locy, s *
0— Hz, (Q,T)/R-#1 —% H;(Qp, T)/R-locy(r1) — Hzr. (Q,T)" — Hz.

can

(Q,T*)Y — 0
Theorem 5.13 shows that

Corollary 5.15. char (H}TEK (Q, 'IF*)V> | char (H}(Q,, T)/R - loc3 (k1)) -

5.4.2. Elliptic curves revisited. Suppose E/q is an elliptic curve. Let T = E[p] and T be as
in §5.1, satisfying the hypotheses (H1)-(H4), (H.nOb), (H.nA) and (H.Tam)(i). Then d = 2.
We assume that T satisfies (5.12) and Conjecture 1 holds true.

Definition 5.16. For any big Kolyvagin system & that generates the module KS(T, Fean, P),
the principal ideal
L(k) = char (H}(Q,, T)/R - locs (k1)) C R

is called the Kolyvagin constructed p-adic L-function.

This should be thought of as a generalization of Perrin-Riou’s [PR95] module of algebraic
p-adic L-function, whose definition she gives for the cyclotomic deformation of a motive.
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Let f be an elliptic modular form of weight w > 2 and 7' be the rank-two O;-module at-
tached to f by Deligne, as in §5.1. Then by the universality of R, there is a ring homomorphism
¢y R — Op that induces T ®,, Oy — T, which yields by Conjecture 1(i)

(5.14) o1 Hy(Qp,T) — H(Q, Ty)
and by Theorem 5.2

(5.15) A - oK) = KR,

Kato,(f)

where \; € Oy and & is Kato’s Kolyvagin system for 7.

Proposition 5.17. Suppose E above has good ordinary reduction at p and the R-module
H}(Q,, T) is torsion-free. Then for k # 0 as above, L(k) # 0.

Proof. For any f that is as above and which is p-ordinary, we have a ring homomorphism
v} R — O[]

that induces a map

A
KS(T, ‘Fcana P) ﬁ> K_S(Tf ® A, ]:cam P)

for which one verifies that

(5.16) 2} (8) £ 0

as in the proof Theorem 5.2. On the other hand, Kato [KatO4] proves that the leading term
gl ¢ H} (Q,T;®A) of his Kolyvagin system £%**(/)* is non-zero. This shows, using
[Biiy11b, Theorem 3.23] and (5.16), that x; # 0. Thanks to our assumption that H!(Q,.T) is
R-torsion-free and (5.12), along with the left-most injection in (5.13), it follows that loc; (x1) #

0 and further that the quotient H}(Q,, T)/R - loc; (k1) is R-torsion. O

Theorem 5.18. Suppose that the hypotheses of Proposition 5.17 hold true. Assume further that
the R-module H!(Q,, T) is free. Then

_ H,(Q,, T
(5.17) O+ (L)) = A" - # @1
Oy - loc, (ml ’ )
. e . .o [ H{Q,,T)
Proof. Observe that £(k) may be described as the initial fitting ideal Fitt;, | —————= | ,
R -loc; (k1)

H; (Qp» Tf)
Oy - loc (¢y(K)1)

and (L (#)) as Fitty, ( ) . Tt follows by (5.15) that

Oy - locy(pr(K)1)
Hsl (Qpa Tf)
Oy - loc, (/flfato’(f)>

05 = pp(L(K))] = A} {Of : Fittp, (

:/\]71 4
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H; (Qpa Tf)
Oy - loc, (/ilfato’(f)>

value of the L-function attached to f at the central critical point. The statement of Theo-
1 _Kato,(f)
Ky do

A few remarks are in order. Kato has related the values # to the

rem 5.18 therefore suggests that these values should interpolate, as the classes A,
interpolate to x,. This hints at the existence of a very general p-adic L-function. Furthermore,
we note that the points {¢; : T — Oy : fis aclassical modular form} are Zariski dense
in Spec(T) under mild hypotheses, thanks to the recent results of Emerton and Kisin. Thus
the assertion (5.17) should characterize the ideal £(k) of the Kolyvagin constructed p-adic
L-function.

Acknowledgements. The author wishes to thank Jan Nekovéaf and Tadashi Ochiai for very
useful conversations on various technical points; to Shu Sasaki for his comments on an earlier
version of this article and for letting the author know of Kisin’s recent R = T' theorem. He is
indebted to Barry Mazur for encouraging the author to extend his thesis work to this generality.
Much of the work in this article was carried out during the two summers when the author was
hosted by Pontificia Universidad Catdlica de Chile, for whose hospitality he is grateful. He

acknowledges a Marie Curie grant FP7-230668 and a TUBITAK grant 109T662.

REFERENCES

[BK90] Spencer Bloch and Kazuya Kato. L-functions and Tamagawa numbers of motives. In The Grothendieck
Festschrift, Vol. I, volume 86 of Progr. Math., pages 333—400. Birkhéduser Boston, Boston, MA, 1990.

[Biiy09] Kazim Biiyiikboduk. Stark units and the main conjectures for totally real fields. Compos. Math.,
145(5):1163-1195, 2009.

[Biiyl1a] Ké&zim Biiyiikboduk. Big Heegner point Kolyvagin system for a family of modular forms, 2011. Sub-
mitted.

[Biiy11b] Kazim Biiyiikboduk. A-adic Kolyvagin systems. IMRN, 2011(14):3141-3206, 2011.

[CES6] Henri Cartan and Samuel Eilenberg. Homological algebra. Princeton University Press, Princeton, N.
J., 1956.

[dSL97] Bart de Smit and Hendrik W. Lenstra, Jr. Explicit construction of universal deformation rings. In Mod-
ular forms and Fermat’s last theorem (Boston, MA, 1995), pages 313-326. Springer, New York, 1997.

[Emell] Matthew Emerton. Local-Global compatibility in the p-adic Langlands Programme for GL;,q, 2011.

[EPWO06] Matthew Emerton, Robert Pollack, and Tom Weston. Variation of Iwasawa invariants in Hida families.
Invent. Math., 163(3):523-580, 2006.

[Fla92] Matthias Flach. A finiteness theorem for the symmetric square of an elliptic curve. Invent. Math.,
109(2):307-327, 1992.

[FO11] O. Fouquet and T. Ochiai. Control theorems for Selmer groups of nearly ordinary deformations. J.
Reine Angew. Math., 2011. To appear.

[FPR94] Jean-Marc Fontaine and Bernadette Perrin-Riou. Autour des conjectures de Bloch et Kato: cohomolo-
gie galoisienne et valeurs de fonctions L. In Motives (Seattle, WA, 1991), volume 55 of Proc. Sympos.
Pure Math., pages 599-706. Amer. Math. Soc., Providence, RI, 1994.

[GouO1] Fernando Q. Gouvéa. Deformations of Galois representations. In Arithmetic algebraic geometry (Park
City, UT, 1999), volume 9 of IAS/Park City Math. Ser., pages 233—406. Amer. Math. Soc., Providence,
RI, 2001. Appendix 1 by Mark Dickinson, Appendix 2 by Tom Weston and Appendix 3 by Matthew
Emerton.

[Gre94] Ralph Greenberg. Iwasawa theory and p-adic deformations of motives. In Motives (Seattle, WA, 1991),
volume 55 of Proc. Sympos. Pure Math., pages 193-223. Amer. Math. Soc., Providence, RI, 1994.

[Gro67] A. Grothendieck. Local cohomology. A seminar given by A. Grothendieck, Harvard University, Fall
1961. Notes by R. Hartshorne. , 1967.

[Hid86a] Haruzo Hida. Galois representations into GL2(Z,[[X]]) attached to ordinary cusp forms. Invent. Math.,
85(3):545-613, 1986.

[Hid86b] Haruzo Hida. Iwasawa modules attached to congruences of cusp forms. Ann. Sci. Ec. Norm. Supér. (4),
19(2):231-273, 1986.



[How07]
[Kat04]

[Kis09a]
[KisO9b]
[Ko190]

[Kol91a]
[Kol91b]

[KW09]
[Lan90]
[Mat89]
[Maz72]
[Maz89]
[MRO04]
[MW84]
[Nek06]
[Och05]

[Potl1]
[PRY5]

[Rub91]
[Rub00]
[Ser87]

[Til97]
[TWI5]

[Wes04]
[Wil95]

Deformatations of Kolyvagin systems 37

Benjamin Howard. Variation of Heegner points in Hida families. Invent. Math., 167(1):91-128, 2007.
Kazuya Kato. p-adic Hodge theory and values of zeta functions of modular forms. Astérisque, (295):ix,
117-290, 2004. Cohomologies p-adiques et applications arithmétiques. III.

Mark Kisin. Modularity of 2-adic Barsotti-Tate representations. Invent. Math., 178(3):587-634, 2009.
Mark Kisin. The Fontaine-Mazur conjecture for GL5. J. Am. Math. Soc., 22(3):641-690, 2009.

V. A. Kolyvagin. Euler systems. In The Grothendieck Festschrift, Vol. II, volume 87 of Progr. Math.,
pages 435-483. Birkhiuser Boston, Boston, MA, 1990.

V. A. Kolyvagin. On the structure of Selmer groups. Math. Ann., 291(2):253-259, 1991.

V. A. Kolyvagin. On the structure of Shafarevich-Tate groups. In Algebraic geometry (Chicago, IL,
1989), volume 1479 of Lecture Notes in Math., pages 94—121. Springer, Berlin, 1991.
Chandrashekhar Khare and Jean-Pierre Wintenberger. Serre’s modularity conjecture. 1. Invent. Math.,
178(3):485-504, 2009.

Serge Lang. Cyclotomic fields I and 11, volume 121 of Graduate Texts in Mathematics. Springer-Verlag,
New York, second edition, 1990. With an appendix by Karl Rubin.

Hideyuki Matsumura. Commutative ring theory. Transl. from the Japanese by M. Reid. Paperback ed.
Cambridge etc.: Cambridge University Press, 1989.

Barry Mazur. Rational points of abelian varieties with values in towers of number fields. Invent. Math.,
18:183-266, 1972.

B. Mazur. Deforming Galois representations. In Galois groups over Q (Berkeley, CA, 1987), volume 16
of Math. Sci. Res. Inst. Publ., pages 385-437. Springer, New York, 1989.

Barry Mazur and Karl Rubin. Kolyvagin systems. Mem. Amer. Math. Soc., 168(799):viii+96, 2004.

B. Mazur and A. Wiles. Class fields of abelian extensions of Q. Invent. Math., 76(2):179-330, 1984.
Jan Nekovaf. Selmer complexes. Astérisque, (310):viii+559, 2006.

Tadashi Ochiai. Euler system for Galois deformations. Ann. Inst. Fourier (Grenoble), 55(1):113-146,
2005.

Jonathan Pottharst. Analytic families of finite-slope Selmer groups, 2011. Preprint, 30pp.

Bernadette Perrin-Riou. Fonctions L p-adiques des représentations p-adiques. Astérisque, (229):198,
1995.

Karl Rubin. The “main conjectures” of Iwasawa theory for imaginary quadratic fields. Invent. Math.,
103(1):25-68, 1991.

Karl Rubin. Euler systems, volume 147 of Annals of Mathematics Studies. Princeton University Press,
Princeton, NJ, 2000. Hermann Weyl Lectures. The Institute for Advanced Study.

Jean-Pierre Serre. On the modular representations of degree two of Gal(Q/Q). (Sur les représentations
modulaires de degré 2 de Gal(Q/Q).). Duke Math. J., 54:179-230, 1987.

Jacques Tilouine. Hecke algebras and the Gorenstein property. New York, NY: Springer, 1997.
Richard Taylor and Andrew Wiles. Ring-theoretic properties of certain Hecke algebras. Ann. Math. (2),
141(3):553-572, 1995.

Tom Weston. Unobstructed modular deformation problems. Amer. J. Math., 126(6):1237-1252, 2004.
Andrew Wiles. Modular elliptic curves and Fermat’s last theorem. Ann. of Math. (2), 141(3):443-551,
1995.

KAziM BUYUKBODUK

Ko¢ UNIVERSITY, MATHEMATICS
RUMELI FENERI YOLU

34450 SARIYER, ISTANBUL
TURKEY



